Sakurai, Oishige and Saito, Journal of Fluid Science and Technology, Vol.14, No.3 (2019) distribution in the radial direction. The overall axial regression rate was approximately 5 mm/s and was correlated with the oxidizer mass flow rate, the distance between the oxidizer injector and grain end-surface, and the grain diameter. Although it is anticipated that the axial regression rate is dependent on the grain diameter, the grain diameter was not varied in the previous study. In addition, the effects of oxidizer mass flow rate and burning time on the regression rate need to be investigated to clarify the regression behavior of this engine.
In this study, the burning experiments were performed to better understand the fuel regression behavior in the swirling-injection end-burning hybrid rocket engine, using paraffin wax/gaseous oxygen (GOX) propellant. The oxidizer mass flow rate, burning time, grain diameter, distance between the oxidizer injector and the grain end-surface were the variable parameters. The fuel regression rates in both the axial and radial directions were measured, and the overall axial regression rate correlation was obtained.
Nomenclature
Combustion chamber cross-sectional area Heat capacity at constant pressure Grain diameter F Thrust Oxidizer mass flux h
Heat-transfer coefficient L0
Initial distance between the GOX injection outlet and the grain end surface Time-averaged distance between the oxidizer injector outlet and the fuel grain end surface Grain regression distance Local grain distance from the oxidizer injection outlet after burning ∆ Consumed mass of the fuel during burning ̇ GOX mass flow rate Combustion chamber pressure Pr
Prandtl number Re Reynolds number, 2 ⁄ r Radial position from the center of the grain ̇
Overall fuel regression rate in the axial direction ̇( ) Local fuel regression rate in the radial position of the grain end surface Time-averaged cross-sectional area of the combustion chamber Sg Geometrical swirl number Burning time Tangential velocity at the periphery of the chamber  Equivalence ratio Viscosity of oxygen Density of oxygen Density of the paraffin wax 2. Related studies for swirling-injection end-burning hybrid rocket engine Figure 1 shows, schematically, the swirling-injection end-burning hybrid rocket engine concept in this study. The cylindrical grain configuration is applied for the paraffin wax fuel. As previously reported (Knuth et al., 2002; Chiaverini 2007) , the swirling oxidizer is introduced from the aft-end close to the nozzle inlet. Combustion occurs at the end surface of the fuel grain. The authors anticipated that, when the oxidizer mass flow are held constant, the overall regression rate would be constant owing to the invariant area of the grain surface and, therefore, the O/F would also be constant for the duration of the burning. This characteristic is difficult to obtain when using single-port grains, in which the grain burning area varies with time. To demonstrate constant O/F burning in this engine, the regression rate characteristics on the burning time and various chamber configurations need to be investigated.
The flow characteristics in the bidirectional vortex flow chamber that had the same chamber configuration of this study were studied by Madjalani et al. (Vyas and Majdalani, 2006; Batterson and Majdalani, 2010) . The pressure, vorticity, swirling intensity, and wall shear stresses in the chamber were analytically evaluated. Although their analysis was based on nonreactive, steady, rotational, axisymmetric, and incompressible flow conditions, the flow characteristics give useful information to this study.
The heat transfer between the heated end surface and the vortex flow was studied by Volchkov (Volchkov et al., 1989) , as shown in Fig. 2 . The vortex flow chamber has almost the same configuration of this study, but the difference is that the swirl gas inlet locates at the entire sidewall of the chamber. The flow enters the chamber tangentially from its periphery. The swirl flow enters the boundary layer region III in the upper and lower ends of the chamber through the flowthrough region I. The flow then approaches the center and exits the chamber through the outlet orifice region IV. The non-flowthrough region II lies between regions I and IV, in which there is no radial gas flow in the region outside of the boundary layers. 
where ̅ = ⁄ is the non-dimensional radius. The quantity m characterizes the change in the tangential velocity along the radius and ranges from −1 to 1. m= −1 represents the forced vortex flow and m=1 represents the free vortex flow. This relation is referred in the later section to discuss the overall axial regression rate correlation.
Experiments 3.1 Test engines and experimental conditions
The two types of engines tested are shown in Fig. 3 . The small engine has a combustion chamber diameter of 40 mm, and the large engine a diameter of 90 mm. The fuel grain and oxidizer were paraffin wax (FT-0070, Nippon Seiro Co.Ltd.) 
Nozzle

Fuel Grain
Oxidizer Injector
Swirling-oxidizer Flow
Diffusion Flame (Volchkov et al., 1989) . Ⅲ Ⅲ
Burned Gas
Ⅱ Ⅳ ⅠL and GOX, respectively. FT-0070 is mainly composed of normal alkane (C35H72). Based on the correlation data by Karabeyoglu et al., the critical pressure and temperature are estimated to be approximately 610 kPa and 880 K, respectively (Karabeyoglu et al., 2005 , Jens et al., 2014 . The fuel grain was cast by laminating and was adhered to the casing with silicon sealant. The GOX is injected through the swirl injector. Two types of swirl injector were used in this study. One had four tangential 1.5 mm-diameter holes, with a geometrical swirl number of Sg = 171.1. The other had eight tangential 7.0 mm-diameter holes with Sg = 19.1. Sg is defined as the ratio of angular momentum flux to axial momentum flux and is calculated from input velocity distributions in the swirl injector rather than from the velocity distribution in the flow (Beer and Chigier, 1972) . The values of Sg in each swirl injector were designed to be identical to 19.4 from the viewpoint of improvement of regression rate and combustion efficiency with satisfactory pressure loss in the injector (Tamura et al., 1999) . The previous study in the swirling-oxidizer-flow-type hybrid rocket engine also used the swirl injector of Sg = 19.4 to attain high regression rate (Saito et al., 2012) . However, we mistook the design in the small engine, hence the swirl injector has considerably large Sg number. The initial distance between the GOX injection outlet and the grain end surface was varied as an experimental parameter. As the objective of the study was to investigate the fuel regression behavior, the graphite nozzles were not adjusted for optimal expansion for each burning condition. In the small engine, a simple straight nozzle with a diameter of 7 mm was used. In the large engine, a convergent-divergent nozzle was used with a throat diameter and expansion ratio of 18 mm and 5.4, respectively. Ignition was achieved by using a small amount of black powder, either 0.6 g for the small engine or 1.2 g for the large engine, located at the grain end surface. The black powder was connected to an exciter and the energization was applied for 0.6 s at ignition. The GOX was then supplied during the burning. Gaseous nitrogen was used to suppress the combustion. The combustion chamber pressure, oxidizer mass flow rate, and thrust were measured.
The target conditions for the 10 experiments are presented in Table 1 . Numbers 1-3 and No. 8 and 9 examined the influence of GOX mass flow rate on the fuel regression behavior; Numbers 3-5 examined the influence of the distance; No. 6, 7, 9, and 10 examined the influence of burning time; and Numbers 8-10 examined the influence of grain diameter. Figure 4 shows the test setup for measuring the local fuel regression rate in the radial direction of the grain end surface. The device comprises an XY stage and a depth gauge. The measurement accuracy is improved by attaching a plastic hemisphere at the tip of the gauge. The tip diameter is 0.5 mm. The local regression rate was measured before and after the burning test. The measurements were taken every 60° in the circumferential direction of the grain surface.
Evaluation methods of fuel regression rate and the related parameters
The local fuel regression rate in the radial position of the grain end-surface was calculated as follows:
is defined as shown in Fig. 5 . The overall fuel regression rate in the axial direction was calculated as follows: ̇= ∆ /( ) (3) This equation is originally applied for the conventional solid fuels. For the paraffin wax fuel, it is noted that the evaluated value by Eq. (3) includes not only the fuel regression by the flame but also the melted fuel mass.
The definition of the oxidizer mass flux was based on the vortex chamber study conducted by Volchkov et al. (Volchkov et al., 1989) , which considered that the oxidizer flow velocity along the circumferential direction dominated Oishige and Saito, Journal of Fluid Science and Technology, Vol.14, No.3 (2019) the heat transfer at the end surface. From Fig. 5 , the oxidizer mass flux was defined as:
, which was calculated as follows, using the grain regression distance: Figure 6 shows the typical flame appearance in the combustion chamber of the small engine. The inside of the combustion chamber was visualized by using a transparent PMMA casing. The experimental condition was identical to test No. 1. The GOX flowed in the chamber from right to left, whereas the burned gas exited to the right. It was observed that the luminous flame existed at the grain end surface. The luminous burned gas rotated consistently with the GOX injection direction. The luminous region was located at the center of the chamber in the radial direction, while the dark region was observed on the outer sides of the chamber. This implied that the flowfield formed in this engine is similar to that in the vortex chamber reported by Majdalani and Volchkov (Batterson and Majdalani, 2010; Volchkov et al., 1989) .
Results and Discussion 4.1 Engine performance
Figures 7 show the time histories of the combustion chamber pressure, the GOX mass flow rate, and the thrust in tests No. 5 and No. 9. In test No. 5, stable combustion was observed. In the experiments, combustion did not complete instantaneously when the GOX flow was stopped and nitrogen was supplied. This phenomenon was because of the remaining melting fuel in the combustion chamber. After the GOX supply, the nitrogen was supplied for 6 s and, therefore, the GOX mass flow rate exhibited a small flow of approximately 2 g/s after combustion. Figure 7(b) shows the unstable combustion case. The thrust fluctuated compared to Fig. 7(a) and showed sudden increase around 2 s. This thrust and corresponding pressure variations is considered to correspond to the irregular local regression of the fuel grain as shown in Fig. 8 . This kind of unstable combustion was also observed in tests No. 7 and No. 10. Table 2 presents the results of the tests. These values were averaged by the burning time, which was defined as the time in which the chamber pressure exceeded 80% of its time-averaged value. It is noted that tests No. 7, 9 and 10 were Sakurai, Oishige and Saito, Journal of Fluid Science and Technology, Vol.14, No.3 (2019) unstable combustion as shown in Fig. 7(b) . In test No. 10, as the fuel grain was completely burned out, the estimated values are shown in parentheses. The GOX mass flow rate and burning time were approximately identical to the target conditions in Table 1 . The axial overall regression rate reached approximately 5 mm/s, and the high regression rate attained in this engine was similar to that of the swirling-oxidizer-flow-type engine using single-port fuel grain (Saito et al., 2012) . Regarding the chamber pressure, the pressure in test No. 2 was slightly larger than the critical pressure. In other tests, combustion occurred at subcritical condition. The obtained equivalence ratio ranged from 1.2 to 3.1. As a reference value of equivalence ratio, we calculated the theoretical maximum specific impulse. For the chamber-to-nozzle exit pressure ratio of 40 and optimum expansion nozzle, the maximum specific impulse was obtained at the equivalence ratio and O/F of 1.42 and 2.43, respectively. Figure 8 shows the fuel grain surfaces after combustion. Under almost same burning time for tests No. 1-5, the grain surfaces exhibited similar circumferential regression tendencies. Larger depressions were observed in the center region than in the outer regions of the grains. Although combustion occurred under supercritical condition for test No. 2, the appearance of grain surface was not different from others. In addition, the time history of combustion chamber pressure for this case did not show distinct feature. It is considered that the effect of supercritical pressure was not so obvious in our experiment due to near critical pressure (Jens et al., 2014) . The small black spheres as seen in tests No. 4 and No. 5 were the carbonized paraffin wax. As the burning time increased, the grain surfaces for tests No. 6 and No. 7 exhibited non-uniform shape. A large depression occurred near the left side of the chamber wall of these grain surfaces. The reason for this depression is not still clear. The carbonized paraffin wax also existed at these depressions. Except for this depression, there were any deep small holes. The gray-colored circular part just below the center of the grain for test No.6 was melted paraffin wax and it is considered that this part occurred after the gaseous nitrogen supply because it seems to naturally flow down to the bottom of the combustion chamber. For these tests, the melted paraffin wax remained at the bottom of the chamber. It was considered that this melted paraffin wax occurred after the burning tests owing to the heated chamber wall made of graphite. Thus, the material of the chamber wall was changed to the heat-insulation material (LOSSNA-board) for tests No. 8-10 to avoid melting of fuel. For test No. 8, a shallow crack was seen and it was confirmed that this crack existed before the burning test. Since in this burning test Gox was lower than the other conditions as shown in Table 2 , the grain surface exhibited smooth and almost flat shape. However, for test No. 9 the initial small fraction of crack led to the large depression close to the center as seen in the figure. In addition, other large depressions were seen near the chamber wall despite of insulation material due to large local Gox near the wall. It was found that shallow and small fraction of crack resulted in irregular local regression when using paraffin wax. The authors did not experience the same kind of irregular local regression caused by small crack when using polypropylene or PMMA fuels. Figure 9 shows the local position of the grain end surface for three different circumferential positions for tests No. 3 and No. 6. The vertical axis is the distance between the oxidizer injector outlet and the grain end surface. In Fig. 9(a) , the shapes of the end surface for each angle were similar, with a number of variations in the radial direction. Two large regressions were observed in the end surface: close to the wall, and at approximately 10 mm from the grain center. The Sakurai, Oishige and Saito, Journal of Fluid Science and Technology, Vol.14, No.3 (2019) end surfaces for tests No. 1-5 exhibited similar radial distributions. Figure 9(b) shows the different shapes of the end surface for each angle and no obvious tendency of local position in the radial direction was seen. The local positions of the grain end surface for tests No. 7 and No. 9 also exhibited the same kind of irregular shapes as No. 6. For tests No. 1-5, the local distances of the grain end surfaces for three different angles in the circumferential direction were averaged and the local fuel regression rates were calculated using Eq. (2), and shown in Fig. 10 . According to the local regression distribution for test No. 3, the highest local regression rate was obtained close to the wall, and the second regression rate peak was seen at approximately 10 mm from the grain center. It is considered that the regression rate peak close to the wall was due to thin boundary layer at the grain end-surface as depicted in Fig.2 . According to the study by Vyas and Majdalani (Vyas and Majdalani, 2006) , the end-surface boundary layer is considered to be different radial distribution compared to Fig.2 except for the developing region close to the wall. Based on their study, it is considered that the position of the second regression rate peak corresponds to the radial position where the axial velocity of the swirling flow toward grain end surface becomes zero and the flow turns its direction from the end surface to the nozzle. Since the swirling flow approaches the grain end surface most at this radial position, the local Gox along the radial position has high value, resulted in the regression rate peak. As the radial position approaches to the center, the oxidizer and the burned gas flows toward nozzle. Thus, the local Gox decreases, causing the decrease of ̇ near the grain center. For tests No. 1-3, the increase of ̇ with the increase of ̇ is caused by the increase of . For tests No. 3-5, as L0 increased the overall ̇ decreased and the distribution became flat. This result is also attributed to the decrease of . Fig. 8 Sakurai, Oishige and Saito, Journal of Fluid Science and Technology, Vol.14, No.3 (2019) 9
Local regression rate in radial position
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For the engine performance calculation, ̇ determined by Eq.
(3) is useful as a first approximation. The regression rate correlation was considered based on Eq. (1) as follows:
̇∝ Re −0.2 (7) where the term related to ̅ was omitted and Pr=1 was assumed owing to the turbulent boundary layer combustion (Marxman and Gilbert, 1963) . Here, we expressed Eq. (7) as non-dimensional form as below to derive the power of n. ̇∝ Re
By replacing = and substituting Eq. (4) to Eq. (8),
Then, the regression rate correlation is given by:
By using this correlation, the experimental overall axial fuel regression rates were plotted in Fig. 11 . As discussed in previous section, the regression rate correlation was fitted to tests No. 1-5 because other data corresponded to unstable combustion or irregular regression:
This relation was also expressed using the term : ̇= . No.1 No.2 No.3 No.4 No.5 In this correlation, the controlling parameter includes . However, it is noted that the diameter was not varied in the data. Figure 12 shows the time-variation of O/F ratio calculated by Eq. (10). The calculation conditions are indicated in the figure. Although ̇ is hold constant, the increase of yields the decrease of ̇, resulting in the increase of O/F ratio. Therefore, the constant O/F burning is difficult in the current engine. As mentioned in previous study (Hayashi and Sakurai, 2015) , it is one of the solution that the distance between the fuel grain end surface and the oxidizer injector outlet is hold constant by using some kind of actuator.
Conclusions
The fuel regression behavior in the swirling-injection end-burning hybrid rocket engine using paraffin wax/GOX propellant was experimentally investigated. The oxidizer mass flow rate, grain diameter, and distance between the oxidizer injector and the grain end-surface were the variable parameters used in the study. The following conclusions were drawn.  An overall axial regression rate of approximately 5 mm/s was obtained. Sakurai, Oishige and Saito, Journal of Fluid Science and Technology, Vol.14, No.3 (2019)  Unstable combustion was observed owing to low melting point temperature of the fuel grain when the burning time increased more than 2 s. The fuel grain with a diameter of 90 mm suffered from the crack and resulted in irregular local regression and unstable combustion. 
In the stable combustion tests, the burned end surfaces were non-uniform but exhibited similar circumferential regression tendencies. The distribution of the local regression rate varied radially and exhibited two peaks: close to the periphery and the middle of the chamber. As the distance between the oxidizer injector outlet and the fuel grain end-surface increased, the overall local regression rate decreased and the distribution became flat owing to the decrease of oxidizer mass flux.  Based on the heat-transfer relation in the vortex flow chamber studied by Volchkov, et al., the controlling parameter on the overall axial fuel regression rate in this engine was derived. Since this parameter depends on the distance between the oxidizer injector outlet and the fuel grain end-surface, it is hard to attain constant O/F combustion. One of the solution is to hold the grain end surface by using some kind of actuator.
